Abstract. We study rank two locally-free Fourier-Mukai transforms on K3 surfaces and show that they come in two distinct types according to whether the determinant of a suitable twist of the kernel is positive or not. We show that a necessary and sufficient condition on the existence of Fourier-Mukai transforms of rank 2 between the derived categories of K3 surfaces X and Y with negative twisted determinant is that Y is isomorphic to X and there must exist a line bundle with no cohomology. We use these results to prove that all reflexive K3 surfaces (including the degenerate ones) admit Fourier-Mukai transforms.
Introduction
A Fourier-Mukai transform between two smooth projective varieties X and Y is an equivalence of derived categories Φ :
given by Φ(E) = Rq * (p * E L ⊗P ), where P is an object of D b (X×Y ). The inverse transform is given byΦ(F ) = Rp * (q * F L ⊗ R Hom(P, O X×Y )) up to a shift of complexes. Such transforms were first studied by Mukai in the case where X is an abelian variety and Y is the dual abelian variety (see [9] ); the Poincaré bundle provides the object P . An interesting set of these occur when X is a K3 surface and Y is a two dimensional smooth compact fine moduli space of sheaves on X. In these cases, P = E is a universal sheaf for this moduli space. In fact, one of the characteristic features of such a Fourier-Mukai transform is that E is bi-universal: in other words, X is a moduli space of sheaves on Y with universal sheaf E. See [1] and [3] for the first examples of such transforms and there are further developments in [4] . The aim of this article is to complete the description of these Fourier-Mukai transforms whose kernels are rank 2 vector bundles on a K3 surface. We will show that these cannot exist when the Picard rank is 1 and are essentially the only additional examples of rank 2 Fourier-Mukai transforms when the Picard rank is bigger than 1. There is a detailed description of the Picard rank 1 case in [8] and there is further information in [12] . We reproduce these in Proposition 3.9 with a quick proof in the spirit of this paper.
Such transforms are important because, via base change and their functorality, they preserve moduli functors. So if a moduli space M of simple torsion-free sheaves has transforms given by torsion-free sheaves then the imageM of M under the transform is also a moduli of simple sheaves and the map M →M is biholomorphic and a hyperKähler isometry with respect to the standard L 2 metrics on the moduli spaces. In particular, if the rank of the sheaves inM is one then we obtain an isometry between M and a Hilbert scheme of points on the variety. An example of such results can be found in [7] .
In this paper we shall be concerned with the case of a rank two vector bundle E over a product of X × Y where X is a K3 surface. We denote the restrictions to X × {y} by E y . Then we can prove the following:
Theorem 0.1. If X is a projective K3 surface and Y is a scheme then there is a Fourier-Mukai transform between X and Y whose kernel is a rank 2 locally-free sheaf with c 1 (M −2 ⊗ E y ) 2 0 for a certain line bundle M (we shall call it generically special with respect to E y and define this in Definition 3.1 below) if and only if Y ∼ = X and, under this isomorphism, there exist line bundles A, B, C and D such that A⊗φ * B ∼ = C ⊗φ * D for an isomorphism φ : X → Y and H i (A⊗C * ) = 0 for all i, and a non-trivial extension
where I ∆ is the ideal sheaf of the diagonal ∆ in X × X. In particular, there must exist a line bundle on X with no cohomology.
On the other hand if the Picard rank is one then such transforms cannot exist.
We proceed by first assuming that Y ∼ = X and that E takes the form (1) for some line bundles A, B, C and D, and then show that E gives rise to a Fourier-Mukai transform if and only if A ⊗ B = C ⊗ D and H i (A ⊗ C * ) = 0. This is done in Theorem 2.5. We then go on to remove this ansatz. In the case when c 1 (M −2 ⊗ E y ) 2 0 we show that the moduli space Y is stratified by rational curves corresponding to the maximal slope of sub-line bundles of E y .
We shall also see that the known (rank 2) examples of Fourier-Mukai transforms satisfy the conditions of the theorem and so we obtain new proofs that such transforms exist. These occur for so called reflexive K3 surfaces introduced in [1] which we define in §4 (the constraint on the surface is simply the existence of certain divisors). The original examples required also that a certain non-degeneracy condition be satisfied. Bruzzo, Bartocci and Hernández-Ruipérez describe the moduli of such non-degenerate K3 surfaces in [2] . We shall use our theorem to extend the result in [1] to the degenerate case as well. It is also easy to extend the results of [7] giving explicit biholomorphic (and indeed, hyper-Kähler) isomorphisms between certain moduli spaces of simple sheaves and Hilbert schemes of zero dimensional subschemes. We extend these results to the more general setting where our K3 surface is only assumed to admit some line bundle L with no cohomology.
Throughout the paper we use AB as a shorthand for the tensor A⊗B of sheaves.
Fourier-Mukai transforms for K3 surfaces
Let X be a (minimal) K3 surface. In this section, we shall study
with Y = X and E given by an extension of the form
where A, B, C and D are lines bundles on X and I ∆ is the ideal sheaf of the diagonal ∆ ⊂ X × X. We let c 1 (A) = a, c 1 (B) = b, c 1 (C) = c and c 1 (D) = d. Let E x denote the restriction of E to X × {x} and let x E denote the restriction to {x} × Y . We shall assume that E is locally-free.
Under this assumption on E we can write down a general formula for the Chern character of a transform. Proposition 1.1. If F is a sheaf on X with Chern character (r, f, t) then the Chern character of Φ(F ) is given by
Proof. This follows by an easy computation from the formula
which is obtained by applying Rq
If Φ is to give rise to a Fourier Inversion Theorem then we require that the restrictions to the factors parametrize complete two dimensional simple moduli spaces. This immediately imposes a necessary condition on the line bundles A, B, C and D. Then χ(E y , E y ) = (a − c) 2 + 4 = 2χ(AC * ). But the dimension of the moduli of simple sheaves is 2 − χ(E, E) and so we must have χ(AC * ) = 0 and similarly χ(BD * ) = 0. If we further suppose that det Φ(O) = O which we can arrange by twisting E by a line bundle pulled back from the second factor then we obtain a constraint on A, B, C and D which can be expressed by
The following can be easily proved from (1) and is our first indication of the role of line bundles with no cohomology. Proposition 1.2. Let E be given as in (1) and suppose that ΦO =
We shall see below that the conditions on A, B, C and D in this proposition are also sufficient for the existence of a Fourier-Mukai transform given by E.
Strongly Simple Families
Following a celebrated result of Bondal and Orlov [5] , we make the following definition: Definition 2.1. Let E → X × S be a family of sheaves over any projective variety X parametrized by a smooth variety S. We say that E or {E s } s∈S is strongly simple if, for all distinct geometric points s, t ∈ S and i, dim Ext i (E s , E t ) = 0 and E s is simple. Such a family is complete if it is a component of the moduli scheme of simple sheaves (when such a scheme exists).
Bondal and Orlov's result can then be rephrased as "strongly simple families give rise to fully faithful functors". Example 2.2. For a K3 surface X and any line bundle L on X, the family {LI x } x∈X is strongly simple and complete.
Remark 2.3. For a K3 surface observe that χ(E, E) = 0 means that the condition dim Hom(E s , E t ) = δ st is equivalent to strong simplicity for a 2 dimensional moduli of simple sheaves. Mukai ([11] ) has already shown that the simple moduli space exists and is smooth for K3 surfaces.
We can use the example above to generate strongly simple families of torsion-free sheaves.
Lemma 2.4. Suppose that X is a K3 surface. Let A be a simple torsion-free sheaf and C → X × S a strongly simple family of torsionfree sheaves flat over an algebraic variety S such that, for all geometric points s ∈ S, Hom(A, C s ) = 0 and Hom(C s , A) = 0. Then the set of non-trivial extensions
modulo isomorphisms is a strongly simple family over X × S.
Proof. Suppose that E and F are two such extensions and let α : E → F be a non-zero map:
Observe that, if A → E → F is zero then there is an induced nonzero map C s → F . But the image of this in C t is non-zero from the hypothesis Hom(C s , A) = 0. But by the strong-simplicity this means that s = t and C s → F splits the F sequence; a contradiction. So we may assume that A → F is non-zero. From the hypothesis Hom(A, C s ) = 0, the composite A → E → F → C t is zero and so there is a non-zero lift A → A. But A is simple and so this must be a multiple of the identity. Then a simple diagram chase gives a non-zero map C s → C t . But this implies that s = t otherwise we must have α = 0. On the other hand, if α = 0 then, since C s is simple, we must have that α is an isomorphism as required.
We now establish our main theorem under the assumption that X ∼ = Y and that E is given by an extension (1).
Theorem 2.5. Let X be a projective K3 surface. Suppose that A, B, C and D are line bundles over X. Then a locally-free extension
gives rise to a Fourier-Mukai transform if and only if the two conditions
(i) h j (AC * ) = 0 for all j, and (ii) AB = CD are satisfied.
Proof. As a first step we can assume that A = O = B by twisting E by A * ⊠ B * which does not affect the condition that E gives rise to a Fourier-Mukai transform. We must prove that the conditions (3) are equivalent to the statement that the restrictions to the factors form 2 dimensional complete strongly simple families of vector bundles ( [6] ). Since the conditions are symmetric in C and D we need only consider the restrictions to the first factor. Lemma 2.6. Let C be some line bundle on a K3 surface X. Then the moduli of non-trivial extensions of the form
where x varies over X, forms a complete strongly simple two dimensional family of vector bundles if and only if H i (C) = 0 for all i.
Proof. The condition that E x be locally-free is determined by the CayleyBacharach condition which tells us that E x is locally-free if and only if x is not a zero of any section of C. As this must hold for all x it is equivalent to H 0 (C) = 0. When H 0 (C) = 0 then we can deduce that all such non-trivial extensions are locally-free. But since E x is such an extension and is simple, the Semi-Continuity Theorem implies that such extensions are generically simple. Then the dimension of the moduli of such simple sheaves implies that dim Ext 1 (CI x , O) = 1 and so h 1 (C) = 0. From χ(E x , E x ) = 2χ(C) we see that χ(C) = 0 is equivalent to the fact that the deformation space of E x is 2 dimensional (and smooth, see [10] ). Hence, we also have H 2 (C) = 0. Conversely, if the cohomology vanishes then Lemma 2.4 implies that such extensions form a complete strongly simple family of vector bundles. This completes the proof. This deals with condition (i) of the theorem. To complete the proof all we we need to show is that there exists a non-trivial extension (1) and that its restriction to the factors is always non-trivial. To achieve this consider part of the long exact sequence given by applying Ext * (−, O) to the structure sequence of ∆ twisted by C ⊠ D:
By the Künneth formula we see that the first and last terms are zero since C has no cohomology. On the other hand, Ext
using Serre duality (twice) and a degenerate Leray spectral sequence. By the naturality of Ext * , we have a collection of commuting diagrams indexed by x ∈ X:
and the map β is just the restriction of sections, i.e. evaluation of sections at x. Then a given extension E gives rise to non-trivial extensions E x for all x if and only if C * D * has a nowhere vanishing section. This is equivalent to C * D * = O as required.
We can now use this theorem to state the converse to Proposition 1. 
Remark 2.8. Note that (C ⊠ D)I ∆ is the kernel of a spherical twist up to shift as it is the kernel of the natural map C ⊠ D → O ∆ .
Properties of the Transforms
We now aim to prove our main classification theorem. The key is the following notion: Definition 3.1. Suppose E is a locally-free sheaf of rank 2 on a projective surface X. Then we say that a line bundle M is special for E if E/M is torsion-free and is generically special for E if E ′ /M is torsionfree for all generic deformations of E (meaning that if E over X × S is a local deformation then E s /M is torsion-free for some non-empty Zariski open subset of S). We do not necessarily require E/M to be torsion-free. Theorem 3.2. Suppose that X is a projective K3 surface and Y is some scheme. Suppose also that E → X×Y is a rank 2 locally-free sheaf giving rise to a Fourier-Mukai transform between X and Y . Suppose that there is a line bundle M which is generically special for some E y such that c 1 (M −2 E y ) 0. Then there is a natural isomorphism φ : Y → X and there exists a line bundle L on X with H * (L) = 0 such that E takes the form
Moreover, there is an isomorphism φ : S → X so that for all s ∈ S we have an extension
Proof. Since Pic X is discrete, X is projective and E s are locally-free there exists a line bundle M such that for all s ∈ S 0 , a dense open subset of S, we have injections M → E s with E s /M torsion-free. Let E s /M = LM * I Z(s) , for Z(s) ∈ Hilb n X for some n > 0. If we remove this open subset from Y = M(E s ) then we can repeat this construction and in this way stratify Y . The highest stratum is given by the maximal degree subsheaf of E s . Note that, for s ∈ S 0 , we have Hom(E s , M) = 0 since otherwise we could compose with M → E s ′ to get a non-trivial map E s → E s ′ . By a similar argument we also have Hom(LM * I Z(s) , M) = 0. This implies that H 0 (L * M 2 ) = 0. For simplicity we shall normalize E s for s ∈ S 0 so that M = O and denote c 1 (L) by ℓ. Our aim is to show that that |Z(s)| = 1. Notice first that the condition χ(E s , E s ) = 0 implies that c 1 (L) 2 = 4|Z(s)| − 8 and so if c It is interesting to analyze the cases when c 1 (L)
Fix a polarizing class h on X and let |Z(s)| = z for s ∈ S 0 . In what follows we let Φ denote the Fourier-Mukai transform given by E * . Recall that an object G is said to satisfy Φ−WIT i if Φ j (G) = 0 unless j = i. In this case, the fibre of
Proof. Note that Hom(LI Z , E s ′ ) = 0 for all s ′ ∈ S by the strong simplicity assumption. So Φ 2 (LI Z(s) ) = 0. If E s ∼ = E s ′ so s ′ ∈ S 0 then Hom(E s ′ , LI Z(s) ) = 0 because any such map must surject by the minimality assumption on L. Hence Φ 0 (LI Z(s) ) = 0 as its generic section is
Proof. Apply Φ to
and apply the previous lemma.
For now fix a polarization class h. Then by Hodge Index Theorem, ℓ · h = 0 implies ℓ 2 = 0 which is impossible as then χ(L) > 0. So ℓ · h > 0. For s ∈ S 0 it follows that E s is µ-stable (with respect to any polarization). If E is in a lower stratum then such E are only stable if µ(M) < µ(LM * ). Since the deformation of extensions of M by M * L are unobstructed we must have that such E are stable since Φ(E) = 0 for any stable E with Chern character (2, ℓ, z − 4). But now M(E s ) must be a fine moduli space which contains some stable points and so there cannot exist semistable points. Hence µ(M) < 1 2
µ(L).
Summarizing we have the following chain of strict inequalities:
It also follows that z > 2 and that H 1 (L) = 0. Consider a s ∈ S with a short exact sequence
where c 1 (M) = m and
we have Hom(E t , LM * I Y ) = 0 for generic t ∈ S and so Φ 0 (LM * I Y ) = 0. Hence, Φ 1 (M) = 0. So M satisfies Φ−WIT 2 and Φ 2 (M) is supported on the set of t such that Hom(M, E t ) = 0. But then this must be at least dimension 1 as otherwise Φ −1 Φ(M) ∼ = M. It must also be rigid as the WIT condition is open but M is rigid. It follows also that χ(M, E S ) = 0. Hence, m · (ℓ − m) = z and, in particular, y = 0.
Define the set
and ∃s ∈ S, M ֒→ E s s.t. E s /M is t.f}.
Our choice of polarization orders ∆ by slope. Define the positive integer a by µ(∆) = [0, a]. Let L∆ * be the set of
]. The argument above shows that any M ∈ ∆ which is not O must have µ(M) > 0 and then satisfies Φ−WIT 2 with transform supported on a rigid divisor. By symmetry we can then assume that X contains rigid divisors. Hence, we have Proposition 3.6. If X has no rational curves then there are no lower strata.
In particular, if M is special for some E s then it is special for all E s (and so generically special for some E s ). Proof. Suppose that M is such a line bundle with a < m · h < ℓ · h − a. Then Hom(M, E s ) = 0 = Hom(E s , M) for all s ∈ S and so Φ 2 (M) = 0 = Φ 0 (M). It also follows that H 2 (M) = 0 and Φ 1 (M) is locally-free. Then χ(ME * s ) < 0 and this gives ℓ · m − m 2 > z. Now suppose αm = βℓ for some integers α and β. Then 4β
Proposition 3.8. If ℓ is ample then ℓ cannot be written as a multiple of another ample divisor.
Proof. Set ℓ = nh (by choice of h) and m = h and then apply the previous lemma.
When the Picard rank is 1 then such line bundles M i cannot exist and there are unique rank 2 Fourier-Mukai transforms. This was proved by Hosono, Lian, Oguiso and Yau in [8] . For completeness we apply sheaf theoretic techniques to study this case. Observe first that Proposition 3.8 implies that Pic(X) = L . It also follows that ρ(S) = 1. Note also that 4|ℓ
2 . Let Pic(S) = L . By symmetry, the restriction of E to S can also be written as extensions ofLIẐ by O S . 
for some integer k and 0-dimensional scheme Z of length 2n + 3, where ℓ 2 = 4(2n + 1), for some n 0. Moreover the Chern character of Φ E (F ) is given by ch 0 = (2n + 3)r + cℓ 2 + 2t
where ch(F ) = (r, cℓ, t).
Proof. The Picard rank 1 case is studied in [8] and it is shown that ch(E s ) = (r, ℓ, s) with r and s coprime. When r = 2 we have that ℓ 2 /4 = z − 2 must be odd and so z is also odd. Then we can write (7) 2zα − 4c 2 (z − 2) + 2z 2 = 2.
We also have 1 = rk(Φ −1 (Φ(O)) = χ((2,l, z−4)(z, cl, α)) = 2α+4c(z− 2) + z(z − 4) + 4z. Multiplying this by z and subtracting the previous equation we obtain
Rearrange to get (z + 2c) 2 = 1. Then z = 1 − 2c or z = −1 − 2c. In either case, substituting into (7) we find α = 2c(2 + c) and the other equation gives y = c + 2.
In the former case c = −n − 1 and x = 4n + 1 and in the latter c = −n − 2 and x = 4n + 3. These give |Φ K | = 1 and |Φ K | = −1 respectively. Only one such transform can occur as their composition would be the zero functor (because Ext * (E y , E ′ y ) = 0, where E and E ′ are the two respective kernels). We will show that it must be the former. To see this observe that O is Φ −1 −IT 0 and a surjection O → O W for any 0-dimensional subscheme W gives a non-zero map O → ⊕E s . In the second case µ( O) = n + 2 2n + 3 ℓ 2 > µ(E s ) = 1 2 ℓ 2 and so O would be unstable. But O is an exceptional vector bundle and these are always stable when the Picard rank is 1 (see [13, Theorem] ).
Remark 3.10. In [8] it is also shown that X ∼ = Y exactly when n = 0.
Remark 3.11. We can say rather more. Since E s move in a strongly simple family and Ext 1 (E, O) = 0 we have that E s determine a unique family of 0-dimensional subschemes Z which must cut out the cohomology jumping locus J, say, in Hilb z X parametrizing sheaves of the form LI Z . Then dim J = h 0 (E s ) − 1 + 2 = 2n + 4. This is codimension 2n + 2 in Hilb z X. The Cayley-Bacharach condition implies that any colength 1 subscheme of Z ∈ J is not in the cohomology jumping locus of Hilb z−1 X.
Reflexive K3 surfaces
Definition 4.1. Following [1] we define a reflexive K3 surface to be a K3 surface which admits two line bundles H and L such that H is ample (and regarded as a polarization of X) and
Let h = c 1 (H) and ℓ = c 1 (L). We say that the reflexive K3 surface is degenerate if H 0 (LH 2 ) = 0 and non-degenerate otherwise.
Note that χ(LH 2 ) = 0. Since h is ample and (ℓ + 2h) · h = 4 we have that LH 2 has no cohomology on a non-degenerate reflexive K3 surface. Note also that if we setL = L 5 H 12 andĤ = L 2 H 5 thenĤ andL satisfy the same conditions as H and L. One can show that H is ample if X is non-degenerate using the methods of Lemma 6.3 below or indirectly using fact thatĤ 2 is the determinant line bundle (see [3] ). Conversely, if X is degenerate then that lemma implies that Theorem 4.2 (see [1] ). If X is a non-degenerate reflexive K3 surface then
gives rise to a Fourier-Mukai transform Φ and the Chern character of Φ(F ) is given by
where ch(F ) = (r, f, t). Moreover,
The last part of the theorem follows easily from Proposition 1.1 and by applying Rq * to the defining extension of E.
Remark 4.3. One can also prove that the collection {E x } of simple sheaves is actually a moduli space of µ-stable bundles with Mukai vector (2, ℓ, −3) (see [1] ). Moreover, this is naturally polarized byĤ. The set of restrictions to points in the first factor { y E} is also a collection of µ-stable vector bundles with respect toĤ with Mukai vector (2, −l, −3).
Degenerate reflexive K3 surfaces
We now consider the case when X is a degenerate K3 surface. We shall first state a technical result concerning the geometry of the effective divisor ℓ + 2h the proof of which can be found in the appendix.
Lemma 5.1. The divisor ℓ + 2h is a sum of rational curves. Moreover, there are two effective divisors d 1 and We can now use this lemma to establish the existence of FourierMukai transforms for both types of degenerate reflexive K3 surfaces.
Theorem 5.3. Suppose that X is a type I K3 surface. Write ℓ + 2h = d 1 +d 2 using Lemma 6.3. Then there is a moduli space of simple bundles with Mukai vector (2, ℓ, −3) which is isomorphic to X with deformation sheaf E over X × X given by the extension 
where ch(F ) = (r, f, t). If X is type II surface then E exists as above but is given by the extension
This also gives rise to Fourier-Mukai transform and the Chern character of the transform of a sheaf F is ch 0 = −r + f · ℓ + 2t To compute Φ(O) we apply Rq * to the extensions. For deg( 
Applications to the biholomorphic classification of moduli spaces
One of the main uses of Fourier-Mukai transforms is to give biholomorphic isomorphisms between components of the moduli of simple sheaves. Recall from [9] that Fourier-Mukai transforms satisfy an analogue of the Parseval theorem which states that if a sheaf F satisfies Φ-WIT with transformF then Ext i (F, F ) = Ext i (F ,F ) and soF is simple if and only if F is simple. Moreover, since the Zariski tangent space at [F ] to the moduli scheme of simple sheaves is given by Ext 1 (F, F ) then if all the geometric points of a component satisfy Φ-WIT, Φ gives an isomorphism of components. We have seen an example of this in the main theorem of [7] . The following theorems can all be proved in the same way as the main theorem of [7] . Theorem 6.1. If X is reflexive then, from Theorem 4.2 or Theorem 5.3, Φ gives a map Hilb n X to the moduli of simple sheaves with Mukai vector (1 + 2n, ±nℓ, 1 − 3n) given by I W → R 1 ΦI W . By the above argument this must be an isomorphism onto a component of the simple moduli scheme of bundles.
To prove this we need only apply Φ to the structure sequence of
In fact the image is a moduli scheme of Gieseker stable sheaves when X is non-degenerate. In this case, Theorem 2.7 implies that we have a Fourier-Mukai transform Φ with Φ(O) = O. Then if we apply Φ to the structure sequence of I W for W ∈ Hilb n X, we obtain the long exact sequence
But the middle map cannot vanish as Φ is a natural isomorphism. This means that R 0 ΦI W = 0 and so, again, we obtain an isomorphism between Hilb n X and a component of the moduli scheme of sheaves this time with Mukai vector (2n − 1, ±nm, −n − 1). This also applies to the case of a reflexive K3 surface where we take m = l + 2h when X is non-degenerate, or m = d 1 − d 2 when X is degenerate. 2d 3 ) 2 = −4 we obtain d 1 · d 3 = 1. This implies that X is fibred over d 3 . But this fibration must be locally-trivial and since d 1 ⊂ X is a section, it must be trivial. This is not possible and so we have established the first part of the lemma.
We now write ℓ + 2h = 
